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Theorem on fa-slow system will have been stated in order to geingariant manifolc
of singularity perturbed ODEs system, also, we miéntion the connection between
Center Manifold Fenichel's Theorem and the application of the Celtanifold Theorem on fast-slow
Fenichel's Theorem system, and then we will study bifurcation theory gingularity perturbed ODE wh¢
Fold bifurcation. perturbed paramete > 0.
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Introduction

One of important subjects in mathematical thedrynonlinear singularly perturbed systems is
evolution of Fenichel's Theoreman fast system [10fhis theoremstates thefast flow transverse t
Codominates to the slow flow afy, then Cyperturbs to a nearby slow manifcC,. Fenichel's Theorem
originated by A. Tikhonoj\d] at the beginning of the 19t by studying the periodic orbits for thystems
of differential equations containing small parame.In 1960s and 1970¢here was researches that mad:
P. Kokotovic, H. K. Khalil [2land R. O'Malley[4] by studying the singularity perturbation methodstue
system of differential equation by using the amilmn of the engineeril. In thisPaper, we state special
structure of singularly perturbed system with changing in dimacales, and alsexplain the normally
hyperbolic invariant manilds on the fast system after changing in timeescahd then apply the Cent
Manifold Theorem on the fast systemt due to Fenichel's Theorem, which study the chse the
perturbation parameter> 0.

A. Basic ideas

In fastslow system we study the case w e > 0 which we have two basic scales to formul
singularity perturbed ODEs; slow tirt and fast time. We get two kindef systems
dx

EE=ex=f(x,y,e) €]
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dy
dt
where. = %, (x,y) € R™ x R",and 0 < € < 1is a small positive parameter known as the singular

=y=9(xy,€) (2)

perturbation parameter, with functiofisR™ X R™ X R - R™, g: R™ X R™ X R - R™are assumed to be
sufficiently smooth. Variables are called fast variables and variabbegre called slow variables.
On fast time scale = e7, we have:

d
J'c=d—:=f(x,y,e) 3)

. dy 4
y—m—w@%d 4
Where ' =%,
dt

In this paper, we will study the system above ftlhmsingularity perturbed ODE system which callesl t
fast system.

Definition 1. [7] The set

Co ={(x,y) € R™ X R™: f(x,y,0) = 0} (5)
called a critical set. IfC, is a submanifold at™ x R™, then C, is called a criticalmanifold.

B.Invariant Manifolds [3]

The invariant manifold theory is one of thesém of the geometric approach to multiple timeescal
dynamics, which will be used in Fenichel's Theorgmough studying the flow of the fast system, that
depended on perturbation parameter 0. In this subsection, the review of invariant maldfwill be given
and we introduce the definition of invariant matdfas follows:

Definition 2. [1] Let M be a compact connectétl manifold with boundary embedded . ThenM is
called an invariant manifold if for evegy e M, we have a flow,(.) which defined by vector field such that
?:(p) € Mfor all teR, M is called a locally invariant manifold if for eaghe M, there exists a time
interval I, (t4, t;) such thad,(p) € M for all t € I,,.

C.Normal Hyperbolicty[7]

The notion of a normally hyperbolic manifofddne of the most important concepts in the geametr
theory of dynamical systems, which says that a falhis normally hyperbolic if the linearized floiw the
normal direction dominates the linearized flowhe tangential direction. Normal hyperpolicity is an
important case in stating the hyperbolic equilibripoint according to the invariant manifold of fagstem
that due to study Fenichel's Theorem on singulpetyurbed system. Here we state the definitiomoomal
hyperpolicity of fast system:

Definition 3.[11] A subseMof C,is called normally hyperbolic,if the Jacobian mat(D,.f)(p, 0) of first
partial derivatives with respect to the fast vatedbhas no eigenvalues with zero real part fopadl M and
(D f)(p, 0) is mxm matrix.

Definition 4. [7] A normally hyperbolic subset M @, is called attracting if all eigenvalues db{f)(p,0)

have negative real part fpre M. Smilarly, M is called repelling if all eigenvalues have pogtreal part.
If M is normally hyperbolic and neither attracting napelling, it is of saddle type.

We now introduce Center Manifold Theory of fastteysin order to reduce system defined as a flow of
singularity perturbed system under the normal Hyplér invariant manifold.

D. Center Manifold Theorem in Fast System

The Center Manifold Theory study the existeatstable, unstable manifold, unique and possiag-
unique center manifold in the dynamical syqt&JmCentral Manifold Theorem in fast system expl&iattwe
can find an invariant manifold under the transfaioraof fast system to a diagonal form to obtaiftoav
under invariant manifold, then joining Central Miatd Theorem to Fenichel's Theorem that satisfymadr

178



JZS (2017) 19 — 1 (Part-A)

hyperbolicity of an invariant manifold with the klty invariant manifold. We formulate the main thexms
without proof that allow us to reduce the dimensiba given system near a local bifurcation.

Theorem 1[8] Consider a fast system:

dx ( 6
= =f(y.e), )
dy
prial’ (x,y,€), 7)
By transform (6), (7) to the diagonal we have:
x'=Ax+ F(x,y,€), 8
y'=By+G(xy,e), )
e =0. (10)

wherex € R™,y € R™, € € R andA, B are constant matrices such that all the eigenvabfeshave zero
real parts while all the eigenvalues 8fhave negative real parts. The functidtend G are C?such that
F(x,y,€) = f(x,y,€),G(x,y,€) = eg(x,y, e)with
F(0) = G(0) =0,

oF F

a(o) =0, —-(0)=0,

G G
Then, there exists an invariant manifgld= h€(x, €), |x| < m, |e] < y,y > 0 with |h€(x)| < C|e|, where
C is a constant which depends 4B, F, and G. The value oh€(x)is evaluated as follows:

Dhe(x)[Ax + F(x, h€(x),e)] — Bh(x) — G(x, h€(x),e) = 0. 1y
The flow on the invariant manifold is given by éugiation
x = Ax + F(x,h¢(x),¢), (12)
Note that the center manifold of (8), (9), (10)is= h€(x, €)satisfy the condition:
dhe(x,€)
T(0,0,0) =0.
The flow on the center manifold is given by:
x" = Ax + F(x, h¢(x), €), (13)
e =0. (14)

However, the equation which describes the flow glthve center manifold will be an ODE with a paraanet
E.Fenichel's Theorem

Fenichel published his general invariant n@dittheory during the 1970s and then applied theory
fast-slow systems in 1979 [6] entitle@éometric Singular Perturbation Theory for Ordinddyfferential
Equations"

Fenichel's Theorem asserts the existencamdrafold that is a perturbation of the criticalssi, it will
be connected with the flow of fast system when 0 and with the normal hyperbolic invariant manifold
according to Central Manifold Theorem, which coestdthe manifolds, their local stable, and unstable
manifolds, to get a reduced system and then appliiescation theory on singularity perturbed ODEs
when perturbation parameter> 0.
Theorem 2][7] (Fenichel's Theorem)
Consider the fast system

——’ X € 15
l ( Jyl )I ( )
— =€ € 16
l g(x'}" ) ( )

Suppose tha = M, is a compact normally hyperbolic submanifold of ¢hiécal manifoldC, of (15), (16)
and thatf, g € C"when ¢ < o). Then fore > 0 sufficiently small, the following hold:
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(1) There exists a locally invariant manifaitdiffeomorphic taVv,(i.e.) (M.is smooth and invertible with
smooth inverse) anM, lies within(e)of M,. MoreoverM, is locally invarient under the flow of (15), (16).
(2) M. has Hausdorff distan¢e) (ase — 0) fromM,.

(3) The flow orM, converges to the slow floweas 0.

(4)M, is C"-smooth.

(5) M. is normally hyperbolic and has the same stabgrtyperties with respect to the fast variablesgs
(attracting, repelling, or of saddle type).

(6) M, is usually not unique. In regions that remain dixad distance fronv,.

From Fenichel's Theorem, we get the following rethdt depends on the invariant manifold of thevflaf
fast-slow system by using Central Manifold Theorem

Theorem 3:Consider the fast system (15), (16) that sattsfyconditions

(Hf,geC"(r<1),
(2) The seM,is a compact normally hyperbolic sub manifold, @dormally relative
to the system

x" = f(x,y,0), (17)
y' =0, (18)
(3) The seM, is given as the graph of ti& functionh®(x) forx € Q, the seQ is
compact.
If € > 0 is suficiently small, there is a functiop = h€(x, €), defined onQ, so that the graph
Mo ={(x,y):y = h¢(x, €)}, (19)

is locally invariant under (17), (18). Hehé(x, €) is aC™, for anyr < 1, jointly in x ande.

Proof.

We substitute the functioh®(x, €)into (15), (16) and see that tlxeequation will decouple from that of
X equation. Hence, we obtain an equation for theatian of the variablex. Sincex parameterizes the
manifoldMc, this equation will suffice to describe the flowM,, it is given by

y' = eg(x,h(x,€),€), (20)
By changing the slow scale in (19) we get that
y =gxh¢(x€),6€), (21)

Which is represent to system of differential equrati
[
Remark 1 A manifoldM,, as obtained in the conclusion of Fenichel's Theors called a slow manifold.

In any case, it is important to distinguigiviieen a critical manifold obtained in the singlilait € =
0 and a slow manifold that is obtained via Fenichtekprem foe > 0, after all, a major theorem has been
applied to go from a critical to a slow manifold.

Remark 2 The system (20) has an advantage approaches to 0, which has the following form

y =gh°(1),y,0). (22)
That it naturally describes a flow on the criticabnifoldM,,.

Here we give an example to illustrate the applyhgenichel's Theorem and Central Manifold Theooem
the fast system:
Example 1[7]. Consider the (unforced) van der Pol equation:
3
X

ea’c=y—?+x, (23)

y =% (24)
with critical manifold
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53
Co = {(x,y) € R*:y =?—x}
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Figure-1 The critical manifold of the van der pol equation.
The singular limite =0 in (23) (24, leads to
0= < +
= y 3 X,
y = —X.
3
Differentiating the equatiofi(x,y) =y — x? + x, we obtain
O . | Of o a 2N e e
axx+ayy—(1x )x+y=0.
It follows from (23), (24) thgt= —x, and
X
1—x?%
Lett = et, we can rewrite (23)24 in the following equivalent form:
x'=f(x,2), (25)
z' =e(f(x,z) — x), (26)
e =0, (27)

wheref (x,z) =z — %3 andz =y +x.
By Theorem 1, (25), (26), (RAas a center manifolz = h€(x). To find an approximation to the functih
set

d
D(x,€) = %(x, e)f(x,®) + B(x,€) — e(f(x, B(x, €)) — x)

L then

1—x2

if 0(x,€) =
53
heé(x) = —x +?+ (Jx*] + |e*]).

We have derived an explicit form for the slow flow on the critical manifol@,. Note carefully that th
above ODE has an unstable equilibriumx = 0and is not defined at the points= 1 andx = —1. In fact,
the pointsy = +1 split the critical manifold into three pal
c§ ={Con{(x,y) € R?:x < —1}},
Cy ={Con{(x,y) ER*: -1 <x < 1}},
c&* ={Con{(x,y) € R%:x > 1}}.
WhereCé‘J—r are normally hyperbolic attracting aiC{ is normally hyperbolic repellin
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F. Bifurcation Theory in Singularity Perturbed ODEs
Consider the system of ordinary differential egurat

z' =F(x,z), (28)

F(0,e) =0, (29)
wherez € R™™ ¢ is ap-dimensional parameter. We say that 0 is a bifurcation point for (28) if there
exists two pointse; and e, such that the local phase portraits of (28)efere; and e = e,are not
topologically equivalent.
Assume the linearization of (28) as about 0is:

z' = L(€)z. (30)
If all eigenvalues ofL.(0)have non-zero real parts then= 0 is not a bifurcation point. Since a local
bifurcation theory happened only when the lineatiggstem has eigenvalues with zero real partsvi&
assume thak(0) hasm eigenvalues with zero real parts amdeigenvalues with negative real part, with
supposing that (0)does not have any positive eigenvalues then, tstersy(28) can rewrite as:

x'=Ax + F(x,y,€), (31)
y' =By +G(x,y,e), (32)
e =0, (33)

wherex € R™,y € R"and A and B are constant matrices such that all the eigensabfid have zero real
parts while all the eigenvalues Bf have negative real parts. From Central Manifolédrem, there exist an
invariant manifoldy = h€(x), and the flow on the invariant manifold is given as
x' = Ax + F(x, h¢(x),€), (34)
e =0. (35)
We can apply bifurcation problems on fast systeooating to Centre Manifold Theory with Fenichel's
theorem.

G. Fold Bifurcation in Singularity Perturbed ODEs
A fold bifurcation point is a pair of equilibrthat meets and disappears with a zero eigeny8Ju®ne
of the equilibria  (saddle) is unstable  while  the hest (node) is  stable.
In this section, we study fold bifurcationtb& singularity perturbed system by applying CeManifold
Theorem according to the conditions of FeinchekFam, with a bifurcation parameter= 0 and the non-
hyperbolic equilibrium points at = 0,y = 0, = 0.
Consider the fast system:

—=f(x 36
lT ( ’y’ 6)’ ( )
dy _ 37
. eg(x,y,e), (37)

wherex € R™andy € R™, x is a slow variable ang is a fast variable) < € < 1. Whene > 0 we have a
reduced system by applying Center Manifold Theongth Fenichel's Theorem which gives

x' = Ax + F(x, h¢(x, €),¢€), (38)

€' =0, 39)
where F: R™ x R" X R - R™ ,eis the bifurcation parameter, and the reduced systatisfy the non-
hyperbolic condition

oF 0,0,00=0
ax ( Yy - )
and
oF
—(0,0,0) = 0.
dy
Now suppose be a set of all equilibrium poinfg*, (h€(x))*, €*) that defines to be

K = {(x,h(x,€),e) € R™ X R™ X R:F(x*, (h€(x))*, €*) = 0},
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and we define the functiaii by
H(x", (h€(x))", €") = F(x", (h®(x))", €") (40)

Theorem 4 Consider fast system

W = faye (41)
dr_x = f(x,y,€),

Y _ = egtuy,e) 42
a7 =Y —egxy.€ (42)

defined on set of critical points with the non-hyperbolic conditions. If the folloginonditions are holds:
oF
(D52 & (hG))7, €7 # 0,

0°F
(Z)ﬁ(x*, (h*(x))", €") # 0,

then fore > 0the system (38), (39) undergo to fold bifurcatiarinp when (x*, (h€(x))*, €") closes to
(0,0,0) and the flow of the singularity perturbed ODEs)(4%2) on a center manifold is locally equivalent

to one of the following normal forms
dn

dt
Wherey is a bifurcation parameter and it is sign is thergsign o%, n? = |a(w|é, ¢ is a variable

=tutn?

containx, the sign of? is the same sign gi—f

Proof.
For the first part, we differentiaté(x* (hf(x))* €*) with respect teé we obtain

—(x (h€()Y", e)-—(x (h<())", e)—(x (h<())", E)+ah€( )(x ,(hE ()", €")
e o e -
— =, (RGO e>+—(x (h€@)Y", e)—.

Evaluate above equation@0,0) and apply the non-hyperbolic condltge{(O) =0and (0) =0

ane(
with condition (1) itis easy to see that

aH(000)— (000) (000)+ oF (000)ah6(x’6)
de - ohé(x,e) """’ Je

oF oF
(0,0,0) + E (0,0,0) = z (0,0,0) * 0.
Then,
0H
a(0,0,0) * 0.

Now we prove the second part
DifferentiateH (x*, (hf(x))* €*) with respect toc we have'

—(x (he(x))", 6)——(x (he(x))", 6)

ahf( €)
OR(6€) . e oo RGOV € 2E e (REGOY €
—ax ¥ ( (x)),e)+¥(x.( ()", €7 5 (", (he ()", €7).

The second differentiation of the above equatid]hl wéspect ta is as follows:

2
(x (he(x))", 6)——(—(x (he(x))", 6) (", (h€(x))", €7)

(%, (h€(x))", €")

ahe( €)
c’)he(x, ) € € €
T( L (h€(x)*, € )+—(x (h€(x))", 6) (x (h€(x))",€))
oF
(x (h€(x))", € )—+—(x (R ()", 6) ahe(x €)

0%h€(x,€) 62F

(X*, (he (X))*, 6*) axz (X*, (he(x))*' E*) + m (X*, (he (X))*, E*)
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ahe(x’ E) * € * % aF * € * % 826 * € * %
G, (@) €) + o (6 () €) 5 (0, (R () €) +

2

F * (he x % de * (he * %
aeax(x'( (X)),G)a(x,( (x)),e),

evaluate af0,0,0)and substitute conditi(1), and (2) we get:

H 00y —= 2 000 OF 00y 2h )
ax2 T T ax ox 0x

X, 2
dtr  0h¢(x,€)

") a (;; az(;;
a]

dedx

9
(", (hE(x))", €) a—;(x*, (he())", €% # 0,
then

0*H 0,0,0 0

axz (P00 #0

Then(0,0,0)is a fold bifurcation point and it irocally equivalent to one of thHellowing normal form

%=iuin2.
oL
P A N B B I R U U N N N NN
P R A L U N N S
P B B N LU N N N N
R A A NN
P R A A U N N S
P A R S S N N
P R B AL U N N S
= =@ e om s s LS SHEE SHNL SHEL W N S
N A N I R B S G EN
P N B N LU N N N N
e O A NN NN
P A A N LU N N
P A A AU U N N S S
P N B AL U N N S
P R A B N N N S

Figure-2: Thevectolfield direction for the normal form of fold bifurtian.

H. Pitchfork bifurcation in Singularity Perturbed Es
In the pitchfork bifurcation, an equilibrium poirdgverses its stability, and t new equilibrium points ar
born [5].
In thisSection, we explain the concept oichfork bifurcation of sing fast system by applysingularity
perturbed ODEs wher> 0.
Consider a fast system given (@1), (42) Define
fxy,e) =xfi(x,y,€),
eg(x,y,€) = xf(x,y,€),
wheref;, f,are functionsf;: R™ X R x R - R™andf,: R™ X R®" X R - R™",x € R™andy € R™, € € R.
Whene > 0 we have a reduced system by applying Centianifold Theorem with FenichelTheorem as
follows:
x' = Ax + xU(x, h€(x, €),€), (43)
€' =0. (44)
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Define
H(x,h€(x,€),€) = Ax + F(x,h¢(x, €),€),
with a non-hyperbolic equilibrium at* = 0, (h€(x))* = 0,e* = Othat satisfy the condition

ou (0,0,0) =0
de = )=0.
Suppose; be a set of all equilibrium poin{g™, (h€(x))", e*)defines as follows:
K; ={(x", (h¢(x))", ") ER™ X R™* X R: U(x", (h¢(x))*,€*) = 0}.
The pitchfork bifurcation theorem on singularityrjpebed ODESs introduce as follows:

Theorem 5.Consider the fast system (43), (44) defined orsé¢hef critical points;. If the following
conditions are holds:

aU * € * *\
M52 &7 (R°())",€7) =0,

62
@55

U 0%U
(x*, (h*(x))",€") # O.W(X*. (h¢(x))",€") =0,

U
)57 &7 (R ()", # 0,
then fore > 0 the system (43), (44)undergo to pitchfork bifuraatpoint when(x*, (h€(x))*, e*)closes to

(0,0,0) and the flow of the singularity perturbed ODEs)(4%2) on a center manifold is locally equivalent
to one of the following normal forms

K/
- =m0

2
Wherey is a bifurcation parameter and it is sign is thergasign o%, n? = la(w)lé, & is a variable

3
containx, the sign ofy? is the same sign %#x—z.

Proof.
For the first condition

—(x (R ()", 6)—x(—(x (he(x))", 6)

0h€(x,€)
0x

b oo () (WY€)

(x7, (R ()", 6)+—(x (hf(x)) 6) (x (h(x))", €7)) +
U(x*, (h®
differentiate the above equation with respecttas fO||OWS'

2
3¢ 7 (RE())”, 6)——(x(—(x (he(x)) 6)

dh€(x,€)
dx

+ o )(x  (h())",€)

(x*, (h€ ()", e") + E (x*, (h€(x))", e*) FP (x*, (h€(x))*,€") +
d
UG, (@), €N ),
=x(or (6", (hE(0)", €0 E 4 2V (a7, (R ()", €°)

0h€(x,€) . ou . 0%h€(x, €)
T( ,(h (x)) € )+6h6( )(x ,(he(x))" € )W

(x (€ ()", 6) (x (R (%)), €)

(", (h€(x))", €")

* he * % * he * % ou * he * % dx
+¥(x'( (x))'e)axae(x'( (X)),E ))+E(xr( (X)),E )E'
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evaluate af0,0,0)and apply condition (1) and (2) we have:

0%H 0%U d0%U Ohé(x,€)
52 (0,0,0) = x>—==(0,0 0) t e tr oe (0,0,0) ———(0,0,0)
aU 0%he(x, €)
T et (0,0,0) ————1(0,0,0) + ((0 0 0)) (0 0,0) # 0,
then
0%H
5 (0,0,0) # 0.
For the second property
63 a3U dx _9%U d*x U
a3 O ()% € =x(5 5 (x (heC))" € —+ 25 (7, (R G, €D o + o
3 he
€ (GO o+ e (hf(x))*,e*)%(x*, (he Gy e +

aZU * (he * % 2 E( X ) he au
Zm(x»( (x))»E)T( ,(hE ()7, E)+ah6( )

aZhE(x’E) i} . . a3h6(x,6) . . . 63 .
W(x ,(he(x))", € )T(x (h (x)* € )+6 I 5 (%, (h*(x))", € )—

62
G, (REG), €7 + 29— (7, (R ()", 6) (x (R ()", 6)+—(x (he(x))",€")

(x*, (h€(x))", €7)

2

0°U
(x (heC))% €M) + 5 (7, (R, 6)—+—(x (€ ()", 6)—+—(x (R (%)), €)

d3x 92U e d?x ‘e . s * (hE x %
F+—(x( ()", € )F‘Fa(x.( (x)),e)E+U(x,( ()", €")
d3x . e . . dx

evaluate the above equation(é0,0)and apply conditions (1), (2), and (3) we get'
3 3 2 dZ

0°H a°U dx 6 (')U x
==5(0,0,0) = x(z— (0,0,0)—+2 (000) (000) —+
63—U(000) E(x )(000)+262—U(000)&(000)+

0heé(x,€)0x? 0heé(x,€)ox
a—U(oomm(oomm(ooon o°u (000) (000)
0hé(x,e) 0x0€ 0x3 0edx?
2 (000)(32 (000))+62U(000) U(000)2+—(000)
dedx = ox = 7dt:  ax
d3x 6 d3

dx
-3t (000) +U(000) )+U(0,O,O)E¢O

then
3

0°H
=3(000) #0
then, the equilibrium point close (6,0,0)and it is locally equivalent to one of the followinormal
forms
dn

at = tpun £n°.
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Figure-3: Thevectorfield direction for the normal form of pitchforkfircation

|. Transcritical Bifurcation in Singularity Perturbed ODE:

A transcriticabifurcation is one in which an equilibrium pointigts for all value of a parameter and is
never destroyed [8In transcritical bifurcation there an exchange of stability between two equilibri
points; one is unstable atite another is stable elibrium point.

In this section, we apply the transcritical bcation on singularity perturbgdDEs whee > 0.
Consider a fast system given @1), (42). Lefine:
fxye) =xfix,y,€),
eg(x,y,€) = xf,(x,y,€)
wheref;, f, are functions,f;: R™ X R™ X R - R™andf,: R™ X R X R - R™, x € R™andy € R"™, € € R.
Whene > 0 we have a reduced system by applying Central Mihifbeorem with Fenichel's Theoren
follows:
x' = Ax + xU(x, h€(x, €),€), (45)
e =0. (46)
Define
H(x,h€(x,€),e) = Ax + F(x, h¢(x, €),¢€),
with a nonhyperbolic equilibrium ax* = 0, (h€(x))* = 0,€"* = 0 that satisfy theanditior
U(x*, (h¢(x))",e*) = 0.
Suppose K, be a set of all equilibrium poin(x*, (h€(x))", e*)defines as follows:
K, = {(x*, (h€(x))*,€") ER™ X R™" X R: U(x", (h¢(x))",€*) = 0}.
The transcritical bifurcation theorem on singuy perturbed ODEs is as follows:
Theoremé6.Consider the fast systeé5), (46) defined on the set of critical poikts If the following
conditions are holds:

au
D52 &7 ()" €7) =0,
2 ZU
Ox0e (X*, (he(x))*' 6*) * O'm (x*r (he(x))*' E*) F O;

(2)
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then fore > 0 the system (45), (46)undergo to transcritical bifation point when(x*, (h€(x))*, €*) closes

to (0,0,0) and the flow of the singularity perturbed ODEs )(4@2) on a center manifold is locally
equivalent to one of the following normal forms

dn_ g +
a +un +n°.
Whereu is a bifurcation parameter and it is sign is thergasign o%, n? = |a(w)|é, € is a variable

containx, the sign ofy? is the same sign %E.

Proof.
For the first property
62 dx oU d?x
FraAGH GG E)—x( (x (R ()" €)=+ o= (7, (G e) o +
0%U . er e OB (x,€) . ou .
m(x (RGO, € —— — (7, (R ()" € )+ah€( )(x , (he(x))", €7)
0%h€(x,€) 0%U

a 7 — (&, (hf(x))* 6*)+ 5z & (R ), 6) (x (he(x))",€") +
—(x (h€(x))", 6) (x (he(x))", 6))+—(x (€ ()", 6)—+

U(x*, (h¢(x))*, e*) F’

evaluate af0,0,0)and apply condition (1) we have:

o 000 = 2000 %+ L 00022+ 2L 000
,0, _x(a 2 ,Y, »y ahe( )a Y
29 00,0) + ree— 0,000 2259 (0,0,0) + 2L (0,0,0) X (0,0,0)) # 0,

then

0°H
W (0,0,0) # 0.

For the second property

2

H * € * % € azu_ * € * %
OE) e (he )y, €) + o v (", (hE(x))" € )—Zhe(x’ D (e, (RGO €)
ox o0he(x, ) 0x0e ’ ’

2

L W) € o, (RGO €)

aU * he * % aZE * he * % aU * he * % dx
= (" (), € 5— (&', (15", €)) + 5= (¢, (R (1)), €)

evaluate af0,0,0)and apply condition (2) we have'

aZH 0,0,0) = 0°U 0,0,0 0%U 0,0,0 E(x )000
( ) = x( ( ) c’)hf(—)( ) ( )
a 0,0, 62 6( )000
ahe( )( ) ('l)
2
(000) (000));&0
then
0°H 0,0,0 0
axae(li)¢ .
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then, the equilibrium point close (0,0,0)and it is locally equivalent to one of the followinorma
forms:

dn
_:i/l i 2
dt nxn
o
i s ¥ i b - - 1 <+ = -+ - r N =, .
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P - . . - R B
T T T T T R X
-1 0. 0] 0.5 1
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Figure-4: The vectdiield direction for the normal form of transcritidaifurcatior.
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